In this paper, first we modify the definition of a Hom-Lie algebroid introduced by LaurentGengoux and Teles and give its equivalent dual description. Many results that parallel to Lie algebroids are given. In particular, we give the notion of a Hom-Poisson manifold and show that there is a Hom-Lie algebroid structure on the pullback of the cotangent bundle of a Hom-Poisson manifold. Then we give the notion of a Hom-Lie bialgebroid, which is a natural generalization of a purely Hom-Lie bialgebra and a Lie bialgebroid. We show that the base manifold of a Hom-Lie bialgebroid is a Hom-Poisson manifold. Finally, we introduce the notion of a Hom-Courant algebroid and show that the double of a Hom-Lie bialgebroid is a Hom-Courant algebroid. The underlying algebraic structure of a Hom-Courant algebroid is a Hom-Leibniz algebra, or a Hom-Lie 2-algebra.
Introduction
In the study of σ-derivations of an associative algebra, Hartwig, Larsson and Silvestrov introduced the notion of a Hom-Lie algebra in [6] . Some q-deformations of the Witt and the Virasoro algebras have the structure of a Hom-Lie algebra ( [6-8, 11, 12] ). Then in [16] , Makhlouf and Silvestrov modified the definition of a Hom-Lie algebra. In Makhlouf and Silvestrov's new definition, a Hom-Lie algebra (g, [·, ·] g , φ g ) is a nonassociative algebra (g, [·, ·] g ) together with an algebra homomorphism φ g : g −→ g such that [·, ·] g is skew-symmetric and the following Hom-Jacobi identity holds:
On the set of (σ, σ)-derivations of a commutative algebra, there is a natural Hom-Lie algebra structure in the sense of Makhlouf and Silvestrov ([4] ). In the sequel, we only consider Makhlouf and Silvestrov's Hom-Lie algebra. Recently, the interest in Hom-algebras grows again due to the work of geometrization of Hom-Lie algebras ( [10] ), quantization of Hom-Poisson structures ( [3] ) and integration of Hom-Lie algebras ( [9] ).
The notion of a Lie algebroid was introduced by Pradines in 1967, which is a generalization of Lie algebras and tangent bundles. See [14] for general theory about Lie algebroids. They play important roles in various parts of mathematics. In [10] , Laurent-Gengoux and Teles introduced the notion of a Hom-Lie algebroid with the help of Hom-Gerstenhaber algebra. They showed that there is a one-to-one correspondence between Hom-Gerstenhaber algebra structures on Γ(∧ • A ) and Hom-Lie algebroid structures on a vector bundle A . The work in [10] could serve to broaden the scope in important directions as the future mathematical landscape continues to develop.
The first aim of this paper is to develop theories that parallel to Lie algebroids for Hom-Lie algebroids. First we introduce the notion of a Hom-bundle to make the definition of a HomLie algebroid concise. There is a slight difference between our Hom-Lie algebroid and the one introduced in [10] . We give the dual description of a Hom-Lie algebroid using twisted differential graded commutative algebra. On the pullback bundle of a Lie algebroid, there is a Hom-Lie algebroid structure. In particular, for any diffeomorphism ϕ : M −→ M , the pull back ϕ ! T M of the tangent Lie algebroid T M is naturally a Hom-Lie algebroid. On one hand, this can be viewed as the fundamental example of Hom-Lie algebroids and verifies the validity of our definition of a HomLie algebroid. On the other hand, this shows the naturality of the Hom-Lie algebroid structure. We show that the anchor map of a Hom-Lie algebroid is a Hom-Lie algebroid homomorphism to ϕ ! T M . Using the Hom-Lie algebroid structure on ϕ ! T M , we introduce the notion of a Hom-Poisson tensor, which is equivalent to a purely Hom-Poisson algebra structure on C ∞ (M ). This is nontrivial. Without the discovery of the Hom-Lie algebroid ϕ ! T M , the definition of a Hom-Poisson manifold could not be given so elegantly. Finally, we show that there is a Hom-Lie algebroid structure on ϕ ! T * M associated to a Hom-Poisson manifold. The second aim of this paper is to study the bialgebroid theory for Hom-Lie algebroids. We give the definition of a Hom-Lie bialgebroid using the Hom-Gerstenhaber algebra structure given in [10] and the differential operator given in this paper. We show that a Hom-Poisson manifold gives rise to a Hom-Lie bialgebroid naturally and the base manifold of a Hom-Lie bialgebroid is a Hom-Poisson manifold. This generalizes the classical results about Poisson manifolds and Lie bialgebroids. Then we introduce the notion of a Hom-Courant algebroid and show that on the double of a Hom-Lie bialgebroid, there is naturally a Hom-Courant algebroid structure. Finally, we investigate the algebraic structure underlying a Hom-Courant algebroid and show that a HomCourant algebroid gives rise to a Hom-Lie 2-algebra, which is the categorification of a Hom-Lie algebra ( [21] ).
Note that a Hom-Lie algebroid is not only a formal generalization of a Lie algebroid. It has its own geometric meaning and fruitful examples, such as aforementioned the Hom-Lie algebroid ϕ ! T M and the Hom-Lie algebroid associated to a Hom-Poisson manifold. This makes our result full of interest.
The paper is organized as follows. In Section 2, we give a review of representations of Hom-Lie algebras and purely Hom-Lie bialgebras. In Section 3, first we give the notion of a Hom-bundle and provide several examples. Then in Subsection 3.1, we give the definition of a Hom-Lie algebroid and give its dual description. In Subsection 3.2, we give the Hom-Lie algebroid ϕ ! T M and show that the anchor of a Hom-Lie algebroid is a Hom-Lie algebroid homomorphism to ϕ ! T M . In Subsection 3.3, we give the formula of a Lie derivative for a Hom-Lie algebroid and provide many useful formulas. In Subsection 3.4, we introduce the notion of a Hom-Poisson manifold and show that there is a natural Hom-Lie algebroid structure on ϕ ! T * M associated to a Hom-Poisson manifold. In Section 4, we introduce the notion of a Hom-Lie bialgebroid and show that the base manifold of a Hom-Lie bialgebroid is a Hom-Poisson manifold. In Section 5, we introduce the notion of a Hom-Courant algebroid, and show that the double of a Hom-Lie bialgebroid is a Hom-Courant algebroid and a Hom-Courant algebroid gives rise to a Hom-Lie 2-algebra.
Preliminaries
Let A be an associative algebra, σ and τ two algebra endomorphisms on A.
The set of all (σ, τ )-derivations on A is denoted by Der σ,τ (A).
The notion of a (σ, τ )-differential graded commutative algebra was introduced in [22] to give the equivalent dual description of a Hom-Lie algebra. Definition 2.1. ( [22] ) A (σ, τ )-differential graded commutative algebra consists of a graded commutative algebra A = ⊕ k A k , degree 0 algebra endomorphisms σ and τ , and a degree 1 operator d A : A k −→ A k+1 , such that the following conditions are satisfied:
Let A be a commutative algebra and σ an algebra isomorphism. Define a skew-symmetric ) on a vector space V with respect to β ∈ gl(V ) is a linear map ρ : g −→ gl(V ), such that for all x, y ∈ g, the following equalities are satisfied:
We denote a representation by (V, β, ρ). See [1, 17, 20] for more details about representations and cohomologies of Hom-Lie algebras and their applications.
Let
) be a Hom-Lie algebra. The linear map φ g : g −→ g can be extended to a linear map from ∧ k g −→ ∧ k g, for which we use the same notation φ g via
Furthermore, the bracket operation [·, ·] g can also be extended to ∧ • g via
) is a HomGerstenhaber algebra introduced in [10] . There is a natural representation of g on ∧ k g, which we denote by ad, given by ad
). In the sequel, we always assume that β is invertible. Define ρ
However, in general ρ * is not a representation of g anymore (see [2] for details). Define ρ
More precisely, we have
Then (
), called the dual representation. See [4] for more details. In particular, ad ⋆ which is given by
is called the coadjoint representation of (g, [·, ·] g , φ g ) on g * with respect to (φ 
2 g is the dual of the Hom-Lie algebra structure
where ad ⋆ is the coadjoint representation of the Hom-Lie algebra (g
.
Hom-Lie algebroids
Let M be a differential manifold and ϕ : M −→ M a smooth map. Then the pullback map 
We will call the condition ( 
, which we use the same notation, by
Then (∧ k A, ϕ, φ A ) is a Hom-bundle. Assume that (A → M, ϕ, φ A ) is invertible. We use ϕ −1 and φ
−1
A to denote the inverses of ϕ and φ A respectively. It is straightforward to obtain
Therefore, (
By (7), φ † A is well-defined. Obviously, we have
Therefore, ( 
Then we have
is a Hom-bundle. 
Then (ϕ ! T M, ϕ, Ad ϕ * ) is a Hom-bundle. 
Dual description of Hom-Lie algebroids
(i) For all x, y ∈ Γ(A) and f ∈ C ∞ (M ), [x, f y] A = ϕ * (f )[x, y] A + a A (φ A (x))(f )φ A (y); (ii) the anchor a A : Γ(A) −→ Γ(ϕ ! T M ) is a representation of Hom-Lie algebra (Γ(A), [·, ·] A , φ A ) on C ∞ (M ) with respect to ϕ * .
We denote a Hom-Lie algebroid by
In particular, if ϕ = id and φ A = id, a Hom-Lie algebroid is exactly a Lie algebroid. See [14] for more details about Lie algebroids. Remark 3.6. In [10] , the authors had already defined a Hom-Lie algebroid. There is a slight difference between the above definition of a Hom-Lie algebroid and that one. In [10] , a Hom-Lie algebroid is defined to be a quintuple
and the following condition holds:
where the value of
In the sequel, we will see that our Hom-Lie algebroids are easy to be treated and have interesting examples.
In the sequel, we always assume that the underlying Hom-bundle
Therefore,
with respect to ϕ * , we can obtain d 2 = 0 directly. By direct calculation, (13) follows immediately. In the following, we prove that (14) holds by induction on k.
which means that
which implies that, for k = n + 1, (14) holds.
The converse of the above result is also true.
and
For all
which implies that
For all ξ ∈ Γ(A * ),
Then by (13), we have
which implies that φ A is an algebra endomorphism. By (14) and (16), for all Ξ ∈ Γ(∧ 2 A * ), the following equality holds:
Thus, by (19) and (20)
is a Hom-Lie algebra. By (17) and (18), a A is a representation of Hom-Lie algebra (
On the other hand, we have
Thus, we have
is a Hom-Lie algebroid. (21) . 
Tangent Hom-Lie algebroids and action Hom-Lie algebroids
Let ϕ : M → M be a diffeomorphism. Define a skew-symmetric bilinear operation [·, ·] ϕ * : ∧ 2 Γ(ϕ ! T M ) −→ Γ(ϕ ! T M ) by [x, y] ϕ * = ϕ * • x • (ϕ * ) −1 • y • (ϕ * ) −1 − ϕ * • y • (ϕ * ) −1 • x • (ϕ * ) −1 .(21Proof. By Theorem 2.2, (Γ(ϕ ! T M ), [·, ·] ϕ * , Ad ϕ * ) is a Hom-Lie algebra. For all f ∈ C ∞ (M ), we have [x, f y] ϕ * (g) = ϕ * • x • (ϕ * ) −1 • f y • (ϕ * ) −1 − ϕ * • f y • (ϕ * ) −1 • x • (ϕ * ) −1 (g) = ϕ * x (ϕ * ) −1 (f )(ϕ * ) −1 y((ϕ * ) −1 g) − ϕ * (f )ϕ * y((ϕ * ) −1 x((ϕ * ) −1 g)) = ϕ * x((ϕ * ) −1 (f ))ϕ * y((ϕ * ) −1 g) + ϕ * (f )ϕ * x((ϕ * ) −1 y((ϕ * ) −1 g)) −ϕ * (f )ϕ * y((ϕ * ) −1 x((ϕ * ) −1 g)) = ϕ * (f )[x, y] ϕ * + Ad ϕ * (x)(f )Ad ϕ * (y) (g), which implies that [x, f y] ϕ * = ϕ * (f )[x, y] ϕ * + Ad ϕ * (x)(f )Ad ϕ * (y). It is obvious that id is a representation of (Γ(ϕ ! T M ), [·, ·] ϕ * , Ad * ϕ ) on C ∞ (M ) with respect to ϕ * . Thus (ϕ ! T M, ϕ, Ad ϕ * , [·, ·] ϕ * , id= [α(x), α(y)] A and a A (α(x)) • ϕ * = ϕ * • a A (x), then (A = ϕ ! A, ϕ, φ A = α ! , [·, ·] A , a A ) is a Hom-Lie algebroid, where α ! : Γ(A) −→ Γ(A), the Hom-Lie bracket [·, ·] A and a A : Γ(A) −→ Γ(ϕ ! T M ) are defined by α ! (x ! ) = α(x) ! , [x ! , y ! ] A = [α(x), α(y)] ! A , a A (x ! ) = ϕ * • a A (x) = a A (x) ! for all x, y ∈ Γ(A).a B • σ = a A , σ • φ A (x) = φ B • σ(x), σ([x, y] A ) = [σ(x), σ(y)] B .
Proposition 3.12. Let (A, ϕ, φ A , [·, ·] A , a A ) be a Hom-Lie algebroid and ϕ : M → M be a diffeomorphism. Then the anchor a A is a morphism from the Hom-Lie algebroid
which implies that a A is a morphism between Hom-Lie algebroids.
Using the Hom-Lie algebroid ϕ ! T M , we can define an action of a Hom-Lie algebra on a manifold. 
Given an action of Hom-Lie algebra (g, 
where c x , c y denote the constant sections of M ×g given by m → (m, x) and m → (m, y) respectively. By straightforward computations, we obtain Proposition 3.14. With the above notations, 
Differential calculus on Hom-Lie algebroids
In this subsection, we give the Lie derivative for a Hom-Lie algebroid for later applications.
Given a Hom-Lie algebroid (A, ϕ, φ
is a Hom-Gerstenhaber-algebra [10] . The bracket ·, · A is called a Hom-Schouten bracket. Actually the Hom-Schouten bracket is determined by the following properties,
(b) for all smooth function f ∈ C ∞ (M ) and x ∈ Γ(A),
By (9) and (24), we get the following formulas directly.
Proposition 3.15. For all
which is the Lie derivative of multi-sections. The Lie derivative
has the following properties.
Proposition 3.16. For all
Proof. We only give the proof of (28). Others follow directly from the properties of the HomSchouten bracket. For all x, y 1 , y 2 , · · · , y n ∈ Γ(A), f ∈ C ∞ (M ), without loss of generality we can assume that X = y 1 ∧ · · · ∧ y n , then we have
which implies that (28) holds.
In particular, for x ∈ Γ(A), Ξ ∈ Γ(∧ m A * ), we have
It is straightforward to obtain the following formulas: 
Thus, the Lie derivative L for a Hom-Lie algebroid is a natural generalization of the coadjoint representation ad
⋆ given by (3) for a Hom-Lie algebra.
Proof. By direct calculation, we get (33). By (13) , (14) and (33), we have
Proof. It suffices to show that the bracket defined by (35) has the same algebraic properties as the Hom-Schouten bracket. We only give the proof of the following equality:
Others can be proved similarly. In fact, for all Z ∈ Γ(∧ m A), Ξ ∈ Γ(A k+l+m−1 ), by (25), we have
which implies that (36) holds.
Proof. By (35), we have
In particular,
Proof. (38) follows from (13) and (25). (39) follows from (35). We omit details.
The Hom-Lie algebroid associated to a Hom-Poisson manifold
Recall that (ϕ In the sequel, we investigate the relation between a Hom-Poisson manifold and a purely HomPoisson algebra. Let us recall the definition of a purely Hom-Poisson algebra given in [10] first. 
Remark 3.25. The notion of a Hom-Poisson algebra was introduced in [16] in the study of formal deformations of a Hom-associative algebra. One difference between a purely Hom-Poisson algebra and a Hom-Poisson algebra is that the former is a commutative associative algebra, whereas the latter is a commutative Hom-associative algebra.
In particular, for a linear function x ∈ g on g * , we have ϕ * (x) = φ g (x). Now define a bilinear map {·, ·} :
where d is the differential operator of the Hom-Lie algebroid (φ * Let M be a smooth manifold and (C ∞ (M ), {·, ·}, ϕ * ) a purely Hom-Poisson algebra on C ∞ (M ). The Hom-Leibniz rule says that {f, ·} is a (ϕ
By computation, we can obtain the following lemma. 
Then by direct calculation, for x, y ∈ Γ(ϕ ! T M ), we have 
where L is the Lie derivative of the Hom-Lie algebroid (A
By (28), we have
Thus, (51) follows immediately.
Denote by a *
We have the following formula. 
Corollary 4.5. With the above notions, we have
which implies that ϕ * is an algebra homomorphism. Applying a A to both sides of (52), we have
which is equivalent to the Hom-Jacobi identity of the bracket {·, ·}. Thus π defines a Hom-Poisson structure on M . The rest of the proposition can be obtained directly.
Proposition 4.7. If (A, A * ) is a Hom-Lie bialgebroid, then so is (A * , A).
Proof. By direct calculation, we have
The second equality follows from L df (g) = −L dg (f ), which can be obtained from Theorem 4.6.
Hom-Courant algebroids
In this section, we introduce the notion of a Hom-Courant algebroid and show that on the double of a Hom-Lie bialgebroid, there is a Hom-Courant algebroid structure. Moreover, we also give the underlying algebraic structure of a Hom-Courant algebroid. First we recall that a Hom-Leibniz algebra, which was introduced in [16] , is a triple (g, ⊙, φ g ) consisting of a vector space g, a bilinear map ⊙ : g × g −→ g and a linear transformation
, and the following Hom-Leibniz rule 
(iv) e ⊙ e = 1 2 DB(e, e), ∀e ∈ Γ(E); (v) B(φ E (e 1 ), φ E (e 2 )) = ϕ * B(e 1 , e 2 ), ∀e 1 , e 2 ∈ Γ(E);
where
We denote a Hom-Courant algebroid by (E, ϕ, φ E , B, ⊙, ρ).
Remark 5.2.
When ϕ = id and φ E = id, a Hom-Courant algebroid is exactly a Courant algebroid introduced in [13, 18] . When M is a point, a Hom-Courant algebroid reduces to a quadratic HomLie algebra introduced in [4] .
Proof. We only give the proof of the fourth equality, others can be proved similarly. For h ∈ Γ(E), by conditions (iii) and (vi) in Definition 5.1,
Hence,
which implies that e ⊙ Df = DB(Df, e).
Proof. By condition (vi) in Definition 5.1, we have
On the other hand, we have Finally, we study the algebraic structure underlying of a Hom-Courant algebroid. Similar as the fact that a Courant algebroid gives rise to a Lie 2-algebra, a Hom-Courant algebroid gives rise to a Hom-Lie 2-algebra. • two linear transformations φ 0 ∈ gl(V 0 ) and φ 1 ∈ gl(V 1 ) satisfying
such that for any w, x, y, z ∈ V 0 and m, n ∈ V 1 , the following equalities are satisfied: We denote a Hom-Lie 2-algebra by (V, l 1 , l 2 , l 3 , φ 0 , φ 1 ).
Let (E, ϕ, B(·, ·), ⊙, φ E , ρ) be a Hom-Courant algebroid. We introduce a new bracket on Γ(E), e 1 , e 2 = 1 2 (e 1 ⊙ e 2 − e 2 ⊙ e 1 ), e 1 , e 2 ∈ Γ(E), which is the skew-symmetrization of ⊙. Consider the graded vector space V = V 0 ⊕ V 1 , where V 0 = Γ(E) and V 1 = C ∞ (M ).
